p-Adic and Adelic Minisuperspace Quantum Cosmology by Djordjevic, G S et al.
p-ADIC AND ADELIC MINISUPERSPACE
QUANTUM COSMOLOGY
GORAN S. DJORDJEVIC´
Sektion Physik, Universita¨t Mu¨nchen, Theresienstr. 37, D-80333 Mu¨nchen, Germany
BRANKO DRAGOVICH
Steklov Mathematical Institute, Gubkin St. 8, GSP-1, 117966, Moscow, Russia
Institute of Physics, P. O. Box 57, 11001 Belgrade, Yugoslavia
LJUBISˇA D. NESˇIC´
Department of Physics, University of Nis, P. O. Box 224, 18001 Nis, Yugoslavia
IGOR V. VOLOVICH
Steklov Mathematical Institute, Gubkin St. 8, GSP-1, 117966, Moscow, Russia
We consider formulation and some elaboration of p-adic and adelic quantum cosmology.
Adelic generalization of the Hartle-Hawking proposal does not work in models with
matter fields. p-Adic and adelic minisuperspace quantum cosmology is well defined as
an ordinary application of p-adic and adelic quantum mechanics. It is illustrated by a
few of minisuperspace cosmological models in one, two and three dimensions. As a result
of p-adic quantum effects and adelic approach, all these models exhibit some discreteness
of the minisuperspace.
1. Introduction
The main task of quantum cosmology1 is description of the very early stage in
the evolution of the universe. At this stage the universe is in a quantum state,
which is described by a wave function. Usually one takes that this wave function is
complex-valued and depends on some real parameters. Since quantum cosmology is
related to the Planck scale phenomena there is a sense to reconsider its foundations.
We will here maintain the standard point of view that the wave function takes
complex values, but we will treat its arguments in a more complete way. Namely,
we will regard space-time coordinates and matter elds to be adelic, i.e. they
have real as well as p-adic properties simultaneously. This approach is motivated
by the following reasons: (i) the eld of rational numbers Q, which contains all
observational and experimental numerical data, is a dense subeld not only in the
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eld of real numbers R but also in the elds of p-adic numbers Qp (p is any prime
number), (ii) there is a plausible analysis2 within and over Qp as well as that one
related to R, (iii) general mathematical methods and fundamental physical laws
should be invariant3 under an interchange of the number elds R and Qp3, (iv)
there is a quantum gravity uncertainty4 x while measuring distances around the
Planck length `0,





which restricts priority of archimedean geometry based on real numbers and gives
rise to employment of nonarchimedean geometry related to p-adic numbers3, (v)
it seems to be quite reasonable to extend compact archimedean geometries by
the nonarchimedean ones in the path integral method, and (vi) adelic quantum
mechanics5 applied to quantum cosmology provides realization of all the above
statements.
The successful application of p-adic numbers and adeles in modern theoretical
and mathematical physics started in 1987, in the context of string amplitudes6,7 (for
a review, see Refs.8,2,9). For a systematic research in this eld it was formulated
p-adic quantum mechanics10,11 and adelic quantum mechanics5,12. They are quan-
tum mechanics with complex-valued wave functions of p-adic and adelic arguments,
respectively. In the unied form, adelic quantum mechanics contains ordinary and
all p-adic quantum mechanics.
p-Adic gravity and the wave function of the universe were considered in the
paper13 published in 1991. An idea of the fluctuating number elds at the Planck
scale was introduced and it was suggested to restrict the Hartle-Hawking14 proposal
to summation only over algebraic manifolds. It was shown that the wave function
for the de Sitter minisuperspace model can be treated in the form of an innite
product of p-adic counterparts.
Another approach to quantum cosmology, which takes into account p-adic eects
was proposed in 199515. Like in adelic quantum mechanics, adelic eigenfunction of
the universe is a product of the corresponding eigenfunctions of real and all p-adic
cases. p-Adic wave functions are dened by p-adic generalization of the Hartle-
Hawking14 path integral proposal. It was shown that in the framework of this
procedure one obtains an adelic wave function for the de Sitter minisuperspace
model. However, this procedure with the Hartle-Hawking p-adic prescription does
not work when matter elds are included into consideration. The solution of this
problem was found16 treating minisuperspace cosmological models as models of
adelic quantum mechanics.
In this paper we consider adelic quantum cosmology as an application of adelic
quantum mechanics to the minisuperspace models. It will be illustrated by one-,
two- and three-dimensional minisuperspace models. As a result of p-adic eects and
adelic approach, in all these models there is some discreteness of minisuperspace.
In the next section we give some basic facts on p-adic and adelic mathematics.
Section 3 is devoted to a brief review of p-adic and adelic quantum mechanics. p-
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Adic and adelic quantum cosmology are formulated in the Section 4. Sections 5
and 6 contain some concrete minisuperspace models. At the end, we give some
concluding remarks.
2. p-Adic Numbers and Adeles
We give here a brief survey of some basic properties of p-adic numbers and adeles,
which we exploit in this work.
Completion of Q with respect to the standard absolute value (j  j1) gives R, and
an algebraic extension of R makes C. According to the Ostrowski theorem17 any
non-trivial norm on the eld of rational numbers Q is equivalent to the absolute
value j  j1 or to the p-adic norm j  jp, where p is a prime number. p-Adic norm
is the nonarchimedean (ultrametric) one and for a rational number, 0 6= x 2 Q,
x = pν mn , 0 6= n, ν,m 2 Z, has a value jxjp = p−ν . Completion of Q with
respect to the p-adic norm for a xed p leads to the corresponding eld of p-adic
numbers Qp. Completions of Q with respect to j  j1 and all j  jp exhaust all possible
completions of Q.





i, x0 6= 0, 0  xi  p− 1. (2)
The norm of p-adic number x in (2) is jxjp = p−ν and satises not only the triangle
inequality, but also the stronger one
jx+ yjp  max(jxjp, jyjp). (3)
Metric on Qp is dened by dp(x, y) = jx − yjp. This metric is the nonarchimedean
one and the pair (Qp, dp) presents locally compact, topologically complete, separable
and totally disconnected p-adic metric space.
In the metric space Qp, p-adic ball Bν(a), with the centre at the point a and
the radius pν is the set
Bν(a) = fx 2 Qp : jx− ajp  pν , ν 2 Zg. (4)
p-Adic sphere Sν(a) with the centre a and the radius pν is














Sν(a) = Qp. (6)
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where Bk are Bernoulli’s numbers. These functions have the same domain of con-
vergence Gp = fx 2 Qp : jxjp < j2jpg. Note the following p-adic norms of the
hyperbolic functions: j sinhxjp = jxjp and j coshxjp = 1.
Real and p-adic numbers are unied in the form of the adeles19. An adele is an
innite sequence
a = (a1, a2, ..., ap, ...), (10)
where a1 2 Q1, and ap 2 Qp, with restriction that ap 2 Zp ( Zp = fx 2 Qp :
jxjp  1g) for all but a nite set S of primes p.






Zp then the space of all adeles is
A = S
S
A(S), which is a topological ring. Namely, A is a ring with respect to
the componentwise addition and multiplication. A principal adele is a sequence
(r, r, ..., r, ...) 2 A, where r 2 Q. Thus, the ring of principal adeles, which is a
subring of A, is isomorphic to Q.
An important function on A is the additive character χ(x), x 2 A, which is a
continuous and complex-valued function with basic properties:
jχ(x)j1 = 1, χ(x + y) = χ(x)χ(y). (11)








where υ = 1, 2,    , p,   , and fxgp is the fractional part of the p-adic number x.







Ω(j xp jp), (13)
where ϕ1(x1) 2 D(Q1) is an innitely dierentiable function on Q1 and falls to
zero faster than any power of j x1 j1 as j x1 j1!1, ϕp(xp) 2 D(Qp) is a locally
constant function with compact support, and
Ω(jxjp) =

1, jxjp  1,
0, jxjp > 1, (14)
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is called an elementary function on A. Finite linear combinations of elementary
functions (13) make the set of the Schwartz-Bruhat functions D(A). The existence






and it maps one-to-one D(A) onto D(A). It is worth noting that Ω-function is a
counterpart of the Gaussian in the real case, since it is invariant with respect to the
Fourier transform.
The integrals of the Gauss type over the p-adic sphere Sν , p-adic ball Bν and















 β2α p = pν ,
0,
 β2α p 6= pν ,
(16)
for j4αjp  p2−2ν ,
Z
Bν
χp(αx2 + βx)dx =
8<
:













, jαjpp2ν > 1, (17)
Z
Qv






, α 6= 0. (18)
The arithmetic functions λv(a) : Qv 7! C, where v = 1, 2, 3, 5,   , have the
following properties:
jλv(a)j1 = 1, λv(0) = 1, λv(ab2) = λv(a), (19)
λv(a)λv(b) = λv(a+ b)λv(a−1 + b−1), (20)
where a 6= 0, b 6= 0.
3. p-Adic and Adelic Quantum Mechanics
In foundations of standard quantum mechanics (over R) one usually starts with a
representation of the canonical commutation relation
[q^, k^] = ih, (21)
where q is a spatial coordinate and k is the corresponding momentum. It is well
known that the procedure of quantization is not unique. In formulation of p-adic
quantum mechanics10,11 the multiplication q^ψ ! xψ has no meaning for x 2 Qp and
ψ(x) 2 C. Also, there is no possibility to dene p-adic "momentum" or "Hamilto-
nian" operator. In the real case they are innitesimal generators of space and time
translations, but, since Qp is disconnected eld, these innitesimal transformations
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become meaningless. However, nite transformations remain meaningful and the
corresponding Weyl and evolution operators are p-adically well dened.
Canonical commutation relation in p-adic case can be represented by the Weyl
operators (h = 1)
Q^p(α)ψp(x) = χp(αx)ψp(x) (22)
K^p(β)ψ(x) = ψp(x+ β). (23)
Now, tinsted of the relation (21) in the real case, we have
Q^p(α)K^p(β) = χp(αβ)K^p(β)Q^p(α) (24)
in the p-adic one. It is possible to introduce the family of unitary operators
W^p(z) = χp(−12qk)K^p(β)Q^p(α), z 2 Qp Qp, (25)
that is a unitary representation of the Heisenberg-Weyl group. Recall that this
group consists of the elements (z, α) with the group product
(z, α)  (z0, α0) = (z + z0, α+ α0 + 1
2
B(z, z0)), (26)
where B(z, z0) = −kq0 + qk0 is a skew-symmetric bilinear form on the phase space.
Dynamics of a p-adic quantum model is described by a unitary operator of evolution
U(t) without using the Hamiltonian. Instead of that, the evolution operator has





In this way10 p-adic quantum mechanics is given by a triple
(L2(Qp),Wp(zp), Up(tp)). (28)
Keeping in mind that standard quantum mechanics can be also given as the corre-
sponding triple, ordinary and p-adic quantum mechanics can be unied in the form
of adelic quantum mechanics5,12
(L2(A),W (z), U(t)). (29)
L2(A) is the Hilbert space on A, W (z) is a unitary representation of the Heisenberg-
Weyl group on L2(A) and U(t) is a unitary representation of the evolution operator









K(v)t (xv, yv)ψ(v)(yv)dyv. (30)
The eigenvalue problem for U(t) reads
U(t)ψαβ(x) = χ(Eαt)ψαβ(x), (31)
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where ψαβ are adelic eigenfunctions, Eα = (E1, E2, ..., Ep, ...) is the corresponding
energy, indices α and β denote energy levels and their degeneration. Note that any







Ω(j xp jp), x 2 A, (32)
where Ψ1 2 L2(R), Ψp 2 L2(Qp).
A suitable way to calculate p-adic propagator Kp(x00, t00;x0, t0) is to use Feyn-
man’s path integral method, i.e.









L( _q, q, t)dt
!
Dq. (33)
It has been evaluated21,22 for quadratic Lagrangians in the same way for real and
p-adic case and the folloving exact general expression is obtained:













S(x00, t00;x0, t0)), (34)
where λv functions satisfy relations (19) and (20). When one has a system with more
then one dimension with uncoupled spatial coordinates, then the total propagator
is the product of the corresponding one-dimensional propagators.
As an illustration of p-adic and adelic quantum-mechanical models, the follow-
ing one-dimensional systems with the quadratic Lagrangians were considered: a
free particle and harmonic oscillator2,5,12, a particle in a constant eld23, a free
relativistic particle20 and a harmonic oscillator with time-dependent frequency24.
Adelic quantum mechanics takes into account ordinary as well as p-adic quan-
tum eects and may be regarded as a starting point for construction of a more
complete superstring and M-theory. In the low-energy limit adelic quantum me-
chanics becomes the ordinary one20.
4. p-Adic and Adelic Quantum Cosmology
Adelic quantum cosmology is an application of adelic quantum theory to the uni-
verse as a whole15. Adelic quantum theory unies both, p-adic and standard quan-
tum theory 5. In the path integral approach to standard quantum cosmology, the
starting point is Feynman’s idea that the amplitude to go from one state with in-
trinsic metric h0ij , and matter conguration φ
0 on an initial hypersurface 0, to
another state with metric h00ij , and matter conguration φ
00 on a nal hypersurface
00, is given by a functional integral of the form
hh00ij , φ00,00jh0ij , φ0,0i1 =
Z
D(gµν)1D()1χ1(−S1[gµν ,]), (35)
over all four-geometries gµν , and matter congurations , which interpolate between
the initial and nal congurations1. In this expression S[qµν ,] is an Einstein-
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Hilbert action for the gravitational and matter elds (which can be massless, mini-
mally or conformally coupled with gravity). This action can be calculated if we use
metric in the standard 3+1 decomposition
ds2 = gµνdxµdxν = −(N2 −NiN i)dt2 + 2Nidxidt+ hijdxidxj , (36)
where N and Ni are the lapse and shift functions. To perform p-adic and adelic
generalization we make rst p-adic counterpart of the action using form-invariance
under change of real to the p-adic number elds. Then we generalize (35) and
introduce p-adic complex-valued cosmological amplitude
hh00ij , φ00,00jh0ij , φ0,0ip =
Z
D(gµν)pD()pχp(−Sp[gµν ,]). (37)
Since the space of all three-metrics and matter eld congurations on a three-
surface (superspace), has innitely many dimensions, one takes some approximation.
A useful approximation is to truncate the innite degrees of freedom to a nite
number qα(t), (α = 1, 2, ..., n). In this way one obtains a particular minisuperspace
model. Usually, one restricts the four-metric to be of the form (36), with N i = 0,
and hij are functions of qα(t). For the homogeneous and isotropic cosmologies, the
usual metric is a Robertson-Walker one, in which spatial section has the form
hijdx
idxj = a2(t)dΩ23 = a
2(t)

dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)

. (38)
If we use also a single scalar eld φ, as a matter content of the model, minisuper-
space coordinates are fa, φg. More generally, models can be homogeneous but also
anisotropic ones, and they will be here also considered. All such models can be
classied in: (i) Kantowski-Sachs models with spatial sections of topology S1  S2
hijdx
idxj = a2(t)dr2 + b2(t)dΩ22, (39)
where dΩ22 is the metric on the two-sphere, and minisuperspace coordinates are
fa, b, φg; (ii) Bianchi models, which are the most general homogeneous cosmologies
with a three-dimensional group of isometries. The three-metric of each of these
models can be written in the form hijdxidxj = hij(t)ωi ⊗ ωj , where ωi are the
invariant 1-forms associated with the isometry group. The simplest example is the
Bianchi I model with ω1 = dx, ω2 = dy and ω3 = dz,
hijdx
idxj = a2(t)dx2 + b2(t)dy2 + c2(t)dz2, (40)
and minisuperspace coordinates are fa, b, c, φg. For the minisuperspace models,
functional integrals in (35) and (37) are reduced to functional integrals over three-
metric and conguration of matter elds, and to another usual integral over the
lapse function N . For the boundary condition qα(t2) = q00α, qα(t1) = q0α in the
gauge _N = 0, we have υ-adic minisuperspace propagator
hq00α; q0αiυ =
Z
dNKυ(q00α, N ; q0α, 0), (41)
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where
Kυ(q00α, N ; q0α, 0) =
Z
Dqαχυ(−Sυ[qα]), (42)
is an ordinary quantum-mechanical propagator between xed minisuperspace coor-
dinates (q0α, q
00









fαβ(q) _qα _qβ − U(q)

, (43)
where fαβ is a minisuperspace metric (ds2m = fαβdq
αdqβ) with an indenite signa-
ture (−,+,+, . . .). This metric includes spatial (gravitational) components and also
matter variables for the given model. The standard minisuperspace ground state
wave function in the Hartle-Hawking (no-boundary) proposal14, will be got if one




over all compact four-geometries gµν which induce hij at the compact three-manifold.
This three-manifold is the only boundary of the all four-manifolds. If we general-
ize Hartle-Hawking proposal to the p-adic minisuperspace, then an adelic Hartle-






where path integration must be performed over both, archimedean and nonar-
chimedean geometries. If after calculation of the corresponding functional integrals
we obtain as a result Ψ[hij ] in the form (32), we will say that such cosmological
model is adelic one.
As we shall see, a more successful p-adic generalization of the minisuperspace
cosmological models can be performed in the framework of p-adic and adelic quan-
tum mechanics16 without use of the Hartle-Hawking proposal. In such case, we
examine conditions under which exist some eigenstates of the evolution operator
(21).
5. p-Adic Models in the Hartle-Hawking Proposal
The Hartle-Hawking proposal for the wave function of the universe is generalized





dNKp(qα, N ; 0, 0), (46)
where p-adic integration has to be performed over the p-adic ball B0.
5.1. Models of the de Sitter Type
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Models of the de Sitter type are models with cosmological constant  and without
matter elds. We consider two minisuperspace models of this type, with D = 4 and














where R is the scalar curvature of D-manifold M , K is the trace of the extrinsic
curvature Kij of the boundary ∂M of the D-manifold M . The metric for this
model26 is of the Robertson-Walker type
ds2 = σ2[−N2dt2 + a2(t)dΩ2D−1]. (48)
In this expression dΩ2D−1 denotes the metric on the unit (D − 1)-sphere, σD−2 =
8piG/ V D−1(D − 1)(D − 2), V D−1 is the volume of the unit (D−1)-sphere. In the
standard D = 3 case, this model is related to the multiple sphere conguration and
wormhole solutions. υ-Adic classical action for this model is





















Let us note that λ denotes here appropriately rescaled the cosmological constant .
Using (34) for the propagator of this model we have

















χυ(− Sυ(a00, N ; a0, 0)).
(50)
















which after p-adic integration becomes
Ψp(a, λ) =

Ω(jajp), jλjp  p−2
1
2Ω(jaj2), jλj2  2−4.
(52)









For the υ-adic classical action
Sυ(q00, T ; q0, 0) =
λ2T 3
24






the corresponding propagator is
Kυ(q00, T jq0, 0) = λυ(−8T )j4T j1/2υ
χυ(− Sυ(q00, T jq0, 0)). (55)
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and as a result we get15,25 also Ω(jqjp) function with the condition λ = 4 3  l, l 2 Z.
5.2. Model with a Homogeneous Scalar Field
To deal with the models of the de Sitter type is very instructive. Although these
models are without matter content, they are in quantum cosmology of such signif-
icance as the model of harmonic oscillator in quantum mechanics. However, it is










the gravitational part of the action in the form (47) (with D = 4), and the corre-





p−g [gµν∂µ∂ν + V ()] , (58)
then after some substitutions, we get the classical action and propagator as follows:






(2 − α(x0 + x00)− β(y0 + y00))N
+
−(x00 − x0)2 + (y00 − y0)2
8N
, (59)
Kp(x00, y00, N jx0, y0, 0) = 1j4N jpχp(−
Sp(x00, y00, N ;x0, y0, 0)). (60)
As we have shown16 for this model, a p-adic Hartle-Hawking wave function in the
form of Ω - function does not exist. This leads to the conclusion that either the above
model is not adelic, or that p-adic generalization of the Hartle-Hawking proposal is
not an adequate one. However, if in the action (59) we take β = 0, y = 0, then we
get classical action for the de Sitter model (54), and such model, as we showed it,
is the adelic one. The similar conclusion holds also for some other models in which
minisuperspace is not one-dimensional. This is a reason to regard p-adic and adelic
minisuperspace quantum cosmology just as the correspondig application of p-adic
and adelic quantum mechanics without the Hartle-Hawking proposal.
6. Minisuperspace Models in p-Adic and Adelic Quantum Mechanics
In this approach we investigate conditions under which quantum-mechanical p-
adic ground state exists in the form of Ω-function and some other eigenfunctions.
This approach leads to the desired result and it enables adelization of all exactly
soluble minisuperspace cosmological models, usually with some restrictions on the
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parameters of the models. The necessary condition for the existence of an adelic
model is an existence of p-adic quantum-mechanical ground state Ω(jqαjp), i.e.Z
jqα0jp1
Kp(qα00, N ; qα0, 0)dqα0 = Ω(jqα00jp). (61)
Analogously, if a system is in the state Ω(pν jqαjp), then its kernel must satisfyZ
jqα0jpp−ν
Kp(qα00, N ; qα0, 0)dqα0 = Ω(pν jq00αjp). (62)
If p-adic ground state is of the form of the δ-function, we will investigate conditions
under which the corresponding kernel of the model satises equationZ
Qp
Kp(q00α, T ; q0, 0)δ(pν − jq0αjp)dq0α = χp(ET )δ(pν − jq00αjp), (63)
with zero energy E = 0.
In the following, we apply (61), (62) and (63) to the some minisuperspace models.
6.1. Models of the de Sitter type
6.1.1. The de Sitter Model in D = 3 Dimensions
By application of the above exposed formalism of p-adic quantum mechanics, for
this model we found16 the ground state
Ψp(a,N) =

Ω(jajp), jN jp  1, p 6= 2,
Ω(jaj2), jN j2  14 , p = 2,
(64)
with conditions jλjp  1 and jλj2  2. We also found
Ψp(a,N) =

Ω(pν jajp), jN jp  p−2ν , jλjp  p4ν
Ω(2ν jaj2), jN j2  2−2−2ν, jλj2  21+4ν , (65)
where ν = 1, 2, . . . . The existence of the ground state in the form of the δ-function
may be investigated by the equation (63), i.e.Z
Qp
K(a00, N ; a0, 0)δ(pν − ja0j)da0 = δ(pν − ja00j), (66)















































da0 = δ(pν − ja00jp). (67)
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The above integration is performed over p-adic sphere with the radius pν and for














To have an equality, the argument of the additive character must be equal or less








= p4ν−2jλjp  1, , jλjp  p2−4ν .
This (for the p-adic norms of N and λ) is also related to the domain of convergence
of the analytic function tanhx,
jN
p
λjp  jN jpjλj1/2p  p2ν−2  p1−2ν = p−1, 8ν.
If p = 2, then condition jN j2  22ν−3 holds, for ν = 1, 0,−1,−2,   , and we are in
the domain of convergence. Finally, we conclude that also p-adic ground state
Ψp(a,N) =

δ(pν − jajp), jN jp  p2ν−2, jλjp  p2−4ν ,
δ(2ν − jaj2), jN j2  22ν−3, jλj2  2−4ν , (68)
exists for ν = 1, 0,−1,−2, . . ..
6.1.2. The de Sitter Model in D=4 Dimensions
As it was already shown16, the ground states for this model exist in the forms
Ψp(q, T ) =

Ω(jqjp), jT jp  1, λ = 4  3  l, l 2 Z
Ω(jqj2), jT j2  12 , λ = 4  3  l, l 2 Z,
(69)
Ψp(q, T ) =

Ω(pν jqjp), jT jp  p−2ν , jλjp  j3j1/2p p3ν , ν = 0, 1, 2, . . .
Ω(2ν jqj2), jT j2  2−2ν , jλj2  23ν−1, ν = 1, 2, 3 . . . . (70)
Looking for the existence of the p-adic ground state in the form of the δ-function,


































dq0 = δ(pν − jq00jp). (71)
















By the very similar analysis for the parameter λ, we get jλjp  p2−3ν , and nally
Ψp(q, T ) =

δ(pν − jqjp), jT jp  p2ν−2, jλjp  p2−3ν
δ(2ν − jqj2), jT j2  22ν−1, jλj2  2−3ν , (72)
where ν = 1, 0,−1,−2,    if p 6= 2, and ν = 0,−1,−2,    if p = 2.
6.2. Model with a Homogeneous Scalar Field
This is two-dimensional minisuperspace model with two decoupled degrees of free-
dom. Its ground state is of the form16 Ω(jxjp)Ω(jyjp), i.e.
Ψp(x, y,N) =

Ω(jxjp)Ω(jyjp), jN jp  1,
Ω(jxj2)Ω(jyj2), jN j2  12 ,
(73)
with α = 4  3  l1, β = 4  3  l2, l1, l2 2 Z, and also
Ψp(x, y,N) =

Ω(pν jxjp)Ω(pµjyjp), jαjp  j3j1/2p p3ν , jβjp  j3j1/2p p3µ,
Ω(2ν jxj2)Ω(2µjyj2), jαj2  23ν−1, jβj2  23µ−1. (74)
As in the previous cases, we also investigate the existence of the vacuum state
of the form δ(pν − jxjp)δ(pν − jyjp). After the very similar calculations as in the
subsection 6.1, we nd p-adic wave function for the ground state
Ψp(x, y,N) =

δ(pν − jxjp)δ(pµ − jyjp), jN jp  p2ν,µ−2, jα, βjp  p2−3ν,µ,
δ(2ν − jxj2)δ(2µ − jyj2), jN j2  22ν,µ−1, jα, βj2  2−3ν,µ,
(75)
where ν, µ = 0,−1,−2, . . ..
6.3. Anisotropic Bianchi Model with Three Scale Factors






dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2

. (76)
It leads to the action









( _a_bc+ a_b _c+ _ab _c)−Nbcλ
i
. (77)







, _z2 = a2 _b _c (78)
we obtain the classical action and propagator in the form




(x00 − x0)2 − (y00 − y0)2 + 2(z00 − z0)2− λN
4
[(x0 + x00) + (y0 + y00)] , (79)
14
Kυ(x00, y00, z00, N ;x0, y0, z0, 0) = λυ(−2N)41/3N 3/2
υ
χυ
(− Sυ(x00, y00, z00, N ;x0, y0, z0, 0) .
(80)
In the above way, one gets the p-adic eigenstates
Ψp(x, y, z,N) =

Ω(jxjp)Ω(jyjp)Ω(jzjp), jN jp  1, jλjp  1,
Ω(jxj2)Ω(jyj2)Ω(jzj2), jN j2  12 , jλj2  2,
(81)
and
Ψp(x, y, z,N) =
 Q3
i=1 Ω(p
νi jxjp), jN jp  p−2νi , jλjp  p3ν1 , p3ν2 ,Q3
i=1 Ω(2
νi jxj2), jN j2  2−2ν1,2−1, 2−2ν3−2, (82)
where jλj2  23ν1,2+1.
For this model also exists ground state
Ψp(x, y, z,N) =

δ(pν1 − jx00jp)δ(pν2 − jy00jp)δ(pν3 − jz00jp), jλjp  p2−3ν1,2
δ(2ν1 − jx00j2)δ(2ν2 − jy00j2)δ(2ν3 − jz00j2), jλj2  22−3νi ,
(83)
with conditions: jN jp  p2ν1,2,3−2, if p 6= 2, and jN j2  22νi−3, νi = 1, 0,−1,−2,   
if p = 2.
6.4. Some two dimensional models
There is a class of two-dimensional minisuperspace models which, after some trans-
formations, obtain the form of two oscillators30,31. These models are: the isotropic
Friedmann model with conformally and minimally coupled scalar eld, and the
anisotropic vacuum Kantowski-Sachs model. For all these three models the corre-














+ x2 − y2

, (84)
i.e. this is the action for two linear oscillators, but one of them has a negative
energy. This classical action leads to the propagator
Kp(y00, x00, N ; y0, x0, 0) = 1jN jpχp
 







The linear harmonic oscillator was analyzed from p-adic, as well as from the
adelic point of view2,5,12. One can show that in the p-adic region of convergence of
analytic functions sinN and tanN , which is Gp = fN 2 Qp : jN jp  j2pjpg, exist
vacuum states Ω(jxjp) Ω(jyjp), Ω(pν jxjp) Ω(pν jyjp), ν 2 Z, and also
Ψp(x, y,N) =

δ(pν − jxjp)δ(pµ − jyjp), jN jp  p2ν−2,
δ(2ν − jxj2)δ(2µ − jyj2), jN j2  22ν−3, (86)
where ν = 0,−1,−2, . . ..
15
7. Concluding Remarks
In this paper, we nd applications of p-adic numbers in quantum cosmology very
interesting. It gives new possibilities to investigate the structure of space-time at
the Planck scale.
In the Hartle-Hawking approach the wave function of a spatially closed universe
is dened by Feynman’s path integral method. The action is a function of the
gravitational and matter elds, and integration is performed over all compact real
four-metrics connecting two three-space states. According to Feynman’s integra-
tion over all real compact metrics, this approach generalizes to all corresponding
compact p-adic metrics. However, it does not lead to the adequate adelic picture
and generalization for a wide class of the minisuperspace models.
From the other side, the consideration of minisuperspace models in the frame-
work of adelic quantum mechanics gives the appropriate adelic generalization. More-
over, we can conclude that all these models lead to the picture of space-time as a
discrete one.
Namely, for all the above models there exists adelic wave function









where Ψ1(qα1) are the corresponding wave functions of the universe in standard
cosmology. Adopting the usual probability interpretation of the wave function (87)
in rational points of qα, we have









because (Ω(jqαjp))2 = Ω(jqαjp). As a consequence of Ω-function properties we have
Ψ(q1, . . . , qn)21 =

jΨ1(qα)j21 , qα 2 Z,
0, qα 2 QnZ. (89)
This result leads to the discretization of minisuperspace coordinates qα, because
probability is nonzero only in the integer points of qα. Keeping in mind that Ω
function is invariant with respect to the Fourier transform, this conclusion is also
valid for the momentum space. Note that this kind of discreteness depends on adelic
quantum state of the universe. When system is in an excited state, then the sharp
discrete structure disappears, and minisuperspace, as well as conguration space in
quantum mechanics, demonstrate usual properties of real space.
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